Bohr Hamiltonian with Hulth\'en plus ring-shaped potential for triaxial
  nuclei with deformation-dependent mass term by Adahchour, A. et al.
NUCLEAR THEORY, Vol. 38
eds. M. Gaidarov, N. Minkov, Heron Press, Sofia
Bohr Hamiltonian with Hulthe´n plus
ring-shaped potential for triaxial nuclei with
deformation-dependent mass term
A. Adahchour, S. Ait El Korchi, A. El Batoul, A. Lahbass, M.
Oulne
High Energy Physics and Astrophysics Laboratory, Faculty of Sciences Sem-
lalia, Cadi Ayyad University, P. O. B. 2390, Marrakech 40000, Morocco
Abstract. In this work, we solve the eigenvalues problem with the Bohr col-
lective Hamiltonian for triaxial nuclei within Deformation-Dependent Mass for-
malism (DDM) using the Hulthe´n potential . We shall call the solution devel-
oped here Z(5)-HDDM. Analytical expressions for energy spectra are derived by
means of a recent version of the Asymptotic Iteration Method. The calculated
numerical results are compared with the experimental data, and the model Z(5)-
H using the Hulthe´n potential without DDM formalism as well as theoretical
predictions of Z(5)-DDDM model with Davidson potential.
1 Introduction
Usually, in Bohr’s Hamiltonian, the mass parameter is considered as a constant.
However, there is a growing evidence that this approximation may be inade-
quate. Several comparisons with experimental data have recently pointed out
that the mass tensor of the collective Hamiltonian cannot be considered as a
constant and should be taken as a function of the collective coordinates. Based
on these proofs, a Bohr Hamiltonian with a mass depending on the collective
variable can be treated. It should be noticed that the concept of a non-constant
mass has been used long ago in quantum physics. But, it has been introduced
for the first time in nuclear physics by D. Bonatsos et al [1]
Atomic nuclei exhibit phase transitions as a function of the number of nucleons.
These phase transitions are of quantum type. Several critical points of symme-
tries namely E(5), X(5), X(3), Z(5), Z(4) have been introduced. In this work, we
will focus on the critical point of symmetry Z(5) which represents the transition
from prolate axially symmetric SU(3) nuclei to oblate shapes. We will consider
a Bohr Hamiltonian with the Hulthe´n potential including a mass parameter de-
pending on the collective coordinate β.
The structure of the present work is as follows. In Section 2, the theoretical back-
ground of the elaborated model Z(5)-HDDM is briefly presented. In section 3,
we give the obtained analytical expressions for the energy levels by means of
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Asymptotic Iteration Method. Section 4 contains results and discussion about
the effect of DDM on the energy spectra of Xe and Pt isotopes.
2 The Z(5)-HDDM model
in the framework of Z(5), the original Bohr Hamiltonian [2] is
HB = − ~
2
2B
[
1
β4
∂
∂β
β4
∂
∂β
+
1
β2sin3γ
∂
∂γ
sin 3γ
∂
∂γ
− 1
4β2
3∑
k=1
Q2k
sin2(γ − 2pi3 k)
]
+ V (β, γ)
(1)
Where B is the mass parameter, which is usually considered constant, β and γ
are the usual collective coordinates (β being a deformation coordinate measur-
ing departure from spherical shape, and γ being an angle measuring departure
from axial symmetry), while Qk (k = 1, 2, 3) are the components of angular
momentum in the intrinsic frame.
Using a mass depending on the deformation coordinate β,
B(β) =
B0
(f(β))2
(2)
whereB0 is the constant mass and f(β) the deformation function. The Schrodinger
equation corresponding to the Hamiltonian (1) is given by [1]
HΨ(β, γ, θi) =
[
− 1
2
√
f
β4
∂
∂β
β4f
∂
∂β
√
f − f
2
2β2sin3γ
∂
∂γ
sin3γ
∂
∂γ
+
f2
8β2
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
+ Veff
]
Ψ(β, γ, θi) = εΨ(β, γ, θi)
(3)
Where θi are the Euler angles and the reduced energies ε, reduced potential
v(β, γ), effective potential Veff (β, γ) are respectively
ε = B0~2 E , v(β, γ) =
B0
~2 V (β, γ)
Veff (β, γ) = v(β, γ)+
1
4 (1−δ−λ)f∇2f+ 12 ( 12−δ)( 12−λ)(∇f)2
The function f(β) depends only on the radial coordinate β, so only the β part of
the above equation is affected.
3 Separable form of the Hamiltonian
In order to achieve a separation of variables, we assume that the reduced poten-
tial v(β, γ) depends on the variables β and γ and has the form [3–6]
v(β, γ) = u(β) +
f2
β2
w(γ) (4)
2
withw(γ) having a deep minimum at γ=pi6 and the wave functions have the form
Ψ(β, γ, θi) = ξ(β) Φ(γ, θi) (5)
The separation of variables gives[
− 1
2
√
f
β4
∂
∂β
β4f
∂
∂β
√
f +
f2
2β2
Λ +
1
4
(1− δ − λ)f∇2f
+
1
2
(
1
2
− δ)(1
2
− λ)(∇f)2 + u(β)
]
ξ(β) = ε ξ(β)
(6)
and [
− 1
sin 3γ
∂
∂γ
sin3γ
∂
∂γ
+
1
4
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
+ w(γ)
]
Φ(γ, θi) = Λ Φ(γ, θi)
(7)
where Λ is the separation constant and equation (6) can be simplified by per-
forming the derivations
1
2
f2ξ
′′
+
(
ff
′
+
2f2
β
)
ξ
′
+
(
(f
′
)2
8
+
ff
′′
4
+
ff
′
β
− f
2
2β2
Λ+ε−veff
)
ξ = 0 (8)
with
veff = u(β) +
1
4
(1− δ − λ)f(4f
′
β
+ f
′′
) +
1
2
(
1
2
− δ)(1
2
− λ)(f ′)2 (9)
In the present work, we use the Hulthe´n potential [7, 8] with a unit depth as
in [9, 10]
u(β) = − 1
eτβ − 1 (10)
where τ = 1b is a screening parameter, and b is the range of the potential. This
potential has some properties, namely it behaves as a short-range potential for
small values of β and decreases exponentially for very large values of β. By
inserting the function R(β) = β2 ξ(β) in the radial equation (8), one obtains
f2R
′′
+2ff
′
R
′
+
(
2ε−2(veff + f
2 + βff
′
β2
+
f2Λ
2β2
− (f
′
)2
8
− ff
′′
4
)
)
R = 0
(11)
In order to make connection between our results and those obtained in ref. [11],
we have replaced 2ε by  in the the above equation, so one obtains
f2R
′′
+ 2ff
′
R
′
+ (− 2ueff )R = 0 (12)
3
where
ueff = veff +
f2 + βff
′
β2
+
f2Λ
2β2
− (f
′
)2
8
− ff
′′
4
(13)
The special form for the deformation function is
f(β) = 1 + aβ2, a << 1 (14)
Using these forms for the potential and the deformation function in Eq. (13),
one obtains
2ueff = k1β
2 + k0 +
k−1
β2
− 1
eτβ − 1 (15)
Where
k1 = a
2
(
5(1− δ − λ) + (1− 2δ)(1− 2λ) + 4 + Λ
)
(16a)
k0 = a
(
5(1− δ − λ) + 7 + 2Λ
)
(16b)
k−1 = 2 + Λ (16c)
Equation (12) becomes
f2R
′′
(β) + 2ff
′
R
′
(β) +
(
− k1β2− k0− k−1
β2
+
1
eτβ − 1
)
R(β) = 0 (17)
To simplify equation (17), we will proceed to a change of the function R(β) by
R(β) =
R(β)
1 + aβ2
(18)
So equation (17), becomes
R
′′
(β) +
(
− k1β
2
(1 + aβ2)2
− 2a
1 + aβ2
+

(1 + aβ2)2
+
1
(1 + aβ2)2(eτβ − 1)
− k0
(1 + aβ2)
− k−1
(1 + aβ2)β2
)
R(β) = 0
(19)
From this equation, if we set the deformation parameter a = 0, we recover the
equation (7) of ref. [11]. Because of the centrifugal potential and the form of the
Hulthe´n one, the Schrodinger equation (19) cannot be solved analytically. So
we will proceed to a rigorous approximation that allows to tackle this problem.
For a small β deformation, the centrifugal potential could be approximated by
the following expression, as in refs. [12–14]
1
β2
≈ τ2 e
−τβ
(e−τβ − 1)2 (20)
4
This approximation is also valid for small values of the screening parameter τ .
By using the new variable y = e−τβ , we obtain
1
eτβ − 1 =
y
1− y , β =
1− y√
y τ
, 1 + aβ2 =
a(1− y)2 + yτ2
yτ2
(21)
Rewriting equation (19) by using the new variable y, we obtain
R
′′
(y) +
1
y
R
′
(y) +
(
− (− k0)τ
2 + (2− y)k1
(ay2 + (τ2 − 2a)y + a)2 −
k1 + 2a
y(ay2 + (τ2 − 2a)y + a)
+
τ2 y
(1− y)(ay2 + (τ2 − 2a)y + a)2 +
τ4k−1 y
(1− y)2(ay2 + (τ2 − 2a)y + a)2
)
R(β) = 0
(22)
If a = 0, the dependence of the mass on the deformation is canceled, then we
easily check that we get the equation (9) of ref. [11].
The Schrodinger equation (22) cannot yet be solved analytically because of some
terms. So, in the absence of a rigorous solution to this equation, we can use a
further approximation. For a small deformation parameter a (a << 1), as a first
approximation, we can neglected the following terms: ay2 − 2ay + a, k1 + 2a
and k1τ4y . So equation (22) becomes
R
′′
(y) +
1
y
R
′
(y) +
[
(− k0)τ2 + 2k1
τ4y2
− k−1
y(1− y)2 +
1
τ2y(1− y)
]
R(y) = 0
(23)
In order to transform the above differential equation to a more compact one, we
use the following variables
µ2 = − (− k0)τ
2 + 2k1
τ4
, ν =
1
2
(1 +
√
1 + 4k−1) (24)
So, the differential equation (23) becomes
R
′′
(y) +
1
y
R
′
(y)−
[
µ2
y2
+
ν2 − ν
y(1− y)2 −
1
τ2y(1− y)
]
R(y) = 0 (25)
To apply the asymptotic iteration method of refs. [15, 16], the reasonable physi-
cal wave function that we propose is as follows
R(y) = yµ(1− y)νχ(y) (26)
For this form of the radial wave function, eq. (25) reads
χ
′′
(y) = −ω(y)
σ(y)
χ
′
(y)− κn
σ(y)
χ(y) (27)
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with
ω(y) = (2µ+ 1)− (2µ+ 2ν + 1)y (28a)
σ(y) = y(1− y) (28b)
κn =
1
τ2
− ν(2µ+ ν) (28c)
Equation (27) leads us directly to the energy eigenvalues using the new general-
ized formula [17] which replaced the iterative calculations in the original AIM
formulation [18].
κn = −n ω′(y)− n(n− 1)
2
σ
′′
(y) (29)
The above formulation gives the energy spectrum of the β equation
n = −
τ2(n+ 12 +
√
1
4 + k−1)
2 − 1
2τ(n+ 12 +
√
1
4 + k−1)
2 − 2 k1
τ2
+ k0 (30)
where n is the principal quantum number and k−1 is defined previously as a
function of Λ, which represents the eigenvalues of the γ-vibrational plus ro-
tational part of the Hamiltonian for triaxial nuclei. If we set the deformation
parameter a = 0, our energy spectrum formula eq. (30) is in agreement with the
energy formula obtained in previous works refs. [11, 19–21].
For eq.(7), which represents the γ variable, we use a new generalized poten-
tial proposed in [22] that is inspired by a ring-shaped potential
w(γ) =
c+ s cos2(3γ)
sin2(3γ)
(31)
where c and s are free parameters. Inserting this form of the potential in equation
(7), we get [
− 1
sin 3γ
∂
∂γ
sin3γ
∂
∂γ
+
1
4
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
+
c+ s cos2(3γ)
sin2(3γ)
]
Φ(γ, θi) = Λ Φ(γ, θi)
(32)
Since the potential is minimal at γ = pi6 , then the angular momentum term can
be written as the form [23, 24]
1
4
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
≈ Q2 − 3
4
Q21 (33)
6
WithQ2 = Q21 +Q
2
2 +Q
2
3
One then take wave functions of the form
Φ(γ, θi) = Γ(γ) D
L
M,α(θi) (34)
Thus, the separation of variables leads to the following set of differential equa-
tions [
− 1
sin 3γ
∂
∂γ
sin3γ
∂
∂γ
+
c+ s cos2(3γ)
sin2(3γ)
]
Γ(γ) = Λ
′
Γ(γ) (35)
[Q2 − 3
4
Q21] D
L
M,α(θi) = Λ¯ D
L
M,α(θi) (36)
where D(θi) denotes Wigner functions of the Euler angles θi(i = 1, 2, 3), L is
the total angular momentum quantum number, while M and α are the quantum
numbers of the projections of angular momentum on the laboratory fixed z-axis
and the body-fixed x
′
-axis, respectively.
Since the deformation function f depends only on the radial coordinate β, only
the β part of the resulting equation was affected, the solution of the angular
equation (see ref. [11] for details ) gives
Λ
′
= 9nγ(nγ + 1) + 3
√
c+ s(2nγ + 1) + c (37)
Λ¯ =
L(L+ 4) + 3nw(2L− nw)
4
(38)
where nγ is the quantum number related to γ-excitation, and nw the wobbling
quantum number.
Finally, the analytical expression of Λ, which represents the eigenvalues of the
γ-vibrational plus rotational part of the Hamiltonian for triaxial nuclei is
Λ = 9nγ(nγ+1)+3
√
c+ s(2nγ+1)+c+
L(L+ 4) + 3nw(2L− nw)
4
(39)
4 Numerical results
The model Z(5) − HDDM is applied for calculating the energies of the col-
lective states for the 126,128,130,132,134Xe and 192,194,196Pt isotopes. All these
nuclei show the signature of the triaxial rigid rotor [27, 28]
∆E = |E2+g + E2+γ − E3+γ | = 0 (40)
This equation is used in an approximate way, because the experimental data for
the eight nuclei lead to the values
∆E(KeV ) = 49, 17, 26, 162, 379, 8, 28, 29, (41)
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for 126,128,130,132,134Xe and 192,194,196Pt isotopes, respectively. Referring to
the values of equation (41), the 128,130Xe and 192,194,196Pt isotopes are good
candidates for the triaxial rigid rotor model. Note that the formula (40) serves
here as a guide in choosing the candidate nuclei and therefore, we have also
added the 126,132,134Xe isotopes in our analysis.
The allowed bands (i.e. ground state, β and γ) are labelled by the quantum
numbers, n, nw, nγ and L. As described in the framework of the rotation-
vibration model [29], the lowest bands for Z(5) are as follows
1. The ground state band (gsb) is characterized by n = 0, nγ = 0, nw = 0
2. The β band is characterized by n = 1, nγ = 0, nw = 0.
3. The γ band composed by the even L levels with n = 0, nγ = 0, nw = 2
and the odd L levels with n = 0, nγ = 0, nw = 1.
The energy spectrum is given by equation (30) and depending on four parame-
ters, namely the screening parameter τ in the β potential, the ring-shape param-
eters c and s of the γ potential and the deformation parameter a. Our task is to fit
these parameters to reproduce the experimental data by applying a least-squares
fitting procedure for each considered isotope. We evaluate the root mean square
(rms) deviation between the theoretical values and the experimental data by
σ =
√∑m
i=1(Ei(exp)− Ei(th))2
(m− 1)E(2+1 )2
(42)
where Ei(exp) and Ei(th) represent the theoretical and experimental energies
of the ith level, respectively, while m denotes the number of states. E(2+1 ) is
the energy of the first excited level of the ground state band. The corresponding
free parameters (τ , c, s) and the deformation parameter a are listed in table 1. In
this table, we give the fitted parameters allowing to reproduce the experimental
data [30] and Z(5) model [31]. The results presented here have been obtained
for δ = λ = 0. Different choices for δ and λ lead to a renormalization of the
parameter values τ , c, s and a , so the predicted energy levels remain exactly the
same. In table 2, we compare the quality measure σ of our results Z(5)-HDDM
with Z(5)-H [11], Z(5) [31] and Z(5)−DDDM [1].
Let’s just point out that with Davidson’s potential [1], for 192Pt isotope, the
highest level of beta band is 0 (4 in our case), for 194Pt isotope, the highest
level of beta band is 5 (8 in our case) and for 196Pt isotope, the highest levels
of even gamma band is 2 and odd gamma band is 6 (respectively 4 and 8 in our
case).
Conclusion
In this work, we have solved the eigenvalues problem with the Bohr collective
Hamiltonian for triaxial nuclei within deformation-dependent mass formalism.
8
nuclei τ c s a Lg Lβ Lγ m
126Xe 0.071 8 192 0.0025 12 4 9 16
128Xe 0.050 2 140 0.0000 10 2 7 12
130Xe 0.010 0 140 0.0000 14 0 5 11
132Xe 0.080 72 226 0.0000 6 0 5 7
134Xe 0.080 78 187 0.0000 6 0 5 7
192Pt 0.050 19 73 0.0010 10 4 8 14
194Pt 0.059 6 195 0.0030 10 4 8 13
196Pt 0.086 7 120 0.0059 10 4 8 13
Z(5) 0.039 11 406 - 14 4 9 17
Table 1. Free and deformation parameters values fitted to the experimental data [30] and
Z(5) model [31]. Lg , Lβ and Lγ characterize the angular momenta of the highest levels
of the ground state, β and γ bands respectively, included in the fit, while m the total
number of experimental states involved in the rms fit.
nuclei Z(5)−HDDM Z(5)−H Z(5) Z(5)−DDDM
126Xe 0.716 0.835 1.082 0.584
128Xe 0.508 0.508 0.802 0.431
130Xe 0.443 0.443 1.564 0.347
132Xe 0.181 0.181 1.013 0.467
134Xe 0.123 0.123 1.524 0.685
192Pt 0.517 0.521 0.886 0.681
194Pt 0.544 0.553 0.973 0.667
196Pt 0.602 0.718 1.448 0.639
Table 2. The root mean square (rms) deviation between experimental data [30] and the
theoretical results corresponding to Z(5)−HDDM model, Z(5)−H model [11] and
Z(5)−DDDM model [1] of given isotopes.
Using the potential of Hulthe´n, we have improved the accuracy of the results
obtained in reference [11] except for isotopes with the deformation parameter
a equal to 0. From the comparison with the results obtained in Ref [1] using
the potential of Davidson, one can conclude that the results for 126,128,130Xe
isotopes are less accurate but for 132,134Xe and 192,194,196Pt isotopes, we have
an improvement in accuracy. Our results confirm those obtained in Ref [1] con-
cerning the vibratory nature of the isotopes 128,130,132,134Xe.
It has been shown that, whether with Hulthe´n’s potential or with Davidson’s po-
tential, the results have been improved in general, compared whith the infinite
square well. Consequently, for a better description of the experimental data or
to enlarge the palette of applications, it is important to test other more flexible
potentials.
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